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This paper is devoted to the problem of the topological classification of Morse-Smale diffeomorphisms on two-dimensional manifolds. The basic difficulty here is the presence of a complicated structure of intersection of stable and unstable manifolds of periodic points, generating in the general case an infinite number of periodic trajectories. Nowadays this problem has rather large literature (see [2] - [16] ). In particular, A. Z. Grines solved the problem in the paper [11] for the case of a finite number of heteroclinic trajectories and the topological classification of periodic components of diffeomorphisms is already given by A. Bezen in paper [2] . Other special cases were investigated in papers [7] [8] [9] [10] . This problem in general case was considered in papers [12] , [13] , but this attempt was not crowned with success. This paper presents a complete finite topological invariant of MorseSmale diffeomorphisms and necessary and sufficient conditions of topological conjugacy of Morse-Smale diffeomorphisms. The construction is based on the local structure of direct product of the set of periodic and heteroclinic points. As applied to the structure of the intersection of stable and unstable manifolds of saddle periodic points it is called the lattice structure here. Structure of direct product generates relations on the set of heteroclinic points which in the case of Morse-Smale diffeomorphisms in turn lead to the finiteness of the complete topological invariant. This paper is improved and translated into English version of two articles to appear in Russian. There are many proofs improved in comparison with the basic variant. The definition of lattice neighborhood is introduced instead of the definition of quasi-tubular neighborhood since it is more accurate.
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1 Preliminary information.
1.1 Let h be a homeomorphism on a compact manifold M . A point x ∈ M is a nonwandering point of f provided ∀U (x) ∃m = 0 that f m (U ) ∩ U = ∅. (We denote by U () a neighborhood of a point x). Otherwise point is called a wandering one. The set of all nonwandering points f is denoted by Ω(f ). The point set {f k (), k ∈ Z} is called a trajectory of the point x. A point x is called periodic with a period n if f n (x) = x and ∀k = 1...n − 1 f k (x) = x. The set of all periodic points f is denoted by P er(f ).
Let
Dif f (M ) be a space of diffeomorphisms on a two-dimensional compact manifold M , f be a diffeomorphism. The point x ∈ P er(f ) of a period m is called hyperbolic if the derivative D x f m of f m at x has the spectrum disjoint from the unit circle. If all the eigenvalues of D x f m lie inside the unit circle, x is called a sink. When each of the eigenvalues has modulus greater than one, x is called a source. Otherwise x is called a saddle. We denote a set of saddle periodic points of f by Ω ′ (f ). Let Γ be a hyperbolic periodic trajectory with a period m and x ∈ Γ. Let E u denotes a subspace T x M , spanned by the eigenvalues of the D x f m , corresponding to eigenvalues whose moduli are greater than one. Let E s be a subspace T x M , spanned by the remaining eigenvalues. Define the orientation type of the trajectory Γ Will be +1, if D x f m : E u → E u preserves the orientation and −1 if it reverses the orientation.
1.3
Let d be a metric on M , x be a hyperbolic fixed (i. e. f (x) = x) point of f . The stable and unstable manifolds of x are:
For a hyperbolic point x of a period m the stable and unstable manifolds are defined to be the stable and unstable manifolds of x under f m . For a hyperbolic trajectory the stable and unstable manifolds are defined to be the union of the stable and unstable manifolds of points belonging to the trajectory..
We also introduce the following useful designations: We denote by W σ i (x), where σ ∈ {u, s}, i = 1, 2, connected components of W σ (x) \ {x}. Here σ denotes either u or s and ρ denotes a manifold dual to σ : if σ = u that ρ = s and vice versa. Also
where cl denotes closure,
The points of intersection W ′u ∩ W ′s is called heteroclinic points.
1.4 f is called a Morse-Smale diffeomorphism, if 1 . Ω(f ) is finite 2. all periodic points are hyperbolic 3. for all x, y ∈ Ω(f )W u (x) and W s (y) have transversal intersection.
Further in the paper f will denote everywhere a C r Morse-Smale diffeomorphism.
Two diffeomorphisms f and g are topologically conjugate if and only if there exist a homeomorphism
A diffeomorphism f is structurally stable provided there exists a neighborhood U of f in Dif f (M ) such that there exists a homeomorphism h : M → M such that h • f = g • h for each h ∈ U .
J. Palis and S. Smale proved in [22] that Morse-Smale diffeomorphisms are exactly the structurally stable diffeomorphisms with a finite nonwandering set.
1.7 A domain S ⊂ M is called a domain of a wandering type, if f k (S) ∩ S = ∅, k = 0. An area S ⊂ M is called a domain of a periodic type of the period q ≥ 1, if f q (S) = S, f k (S) ∩ S = ∅, k = 1...Q − 1. If q = 1 we have an invariant domain.
1.8 According to [1] , for a two-dimensional manifold the connected components of a set M \ (clW ′ ) can be only of following types:
1) simply-connected components of wandering type 2) simply-connected components of periodic type 3) doubly-connected components of periodic type. In the last case M is S 2 , S is a component of invariant type, and the boundary ∂S consist of precisely two fixed points : ∂S = {α, ω}, where α -source, ω -sink, and M = S ∪ {α, ω} = S 2 .
1.9
Let Ω k be a periodic trajectory from Ω(f ). According to [22] , the set of periodic trajectories is partially ordered :
This partial order is also defined for periodic points.
1.10 Definition (1.7, [21] ). let x, y ∈ Ω ′ (f ) and W u (y) ∩ W s (x) = ∅. Then, according to [19] , there exists the sequence of points y 0 = x, y 1 , .., y n = y from Ω ′ (f ) where y i+1 does not belong to the trajectory of y i such that
Let us denote by beh(y|x) the maximum length of such sequences. If W u (x) ∩ W s (y) = ∅ then beh(y|x) = 0. If we display the partial order on the set of periodic points with an oriented graph then beh(y|x) be the maximum length of oriented path from y to x.
1.11
Let p ∈ Ω(f ) be a fixed periodic point of f . According to [22] , a tubular neighborhood T s (p) of the manifold W s (p) is a collection {t s (y)} of disjoint C r -submanifolds t s (y) of M indexed by ξ from an open neighborhood N of p in W u (p) with the following properties :
4) The map π : V → N which sends t s (ξ) in ξ is continuous; the section s which sends η ∈ t s (ξ) into the tangent space of t s (ξ) at η is a continuous map from V into the Grassman bundle over V .
A tubular neighborhood
where Ω k is a periodic trajectory of f , is the union of tubular neighborhoods T (W s (p)) = {t s (ξ)} of a submanifold W s (p) for some p ∈ Ω k and its images under the action of f .
We denote the tubular neighborhood of W s (Ω k ) by T s,k .
, where n is a period of p. The tubular neighborhood T s,k of W s (Ω k ) is called invariant if it is obtained from an invariant tubular neighborhood of its point. A system of (stable) tubular neighborhoods of f is the set of tubular neighborhoods constructed for stable manifolds of each periodic trajectory. It is denoted by {T s,k }. The same way defined is a system of unstable tubular neighborhoods of f {T u,k }. The system is called invariant if it consists of only invariant tubular neighborhoods. The system is called admissible if it satisfies the following condition: from t s (ξ) ∩ t s (η) = ∅ it follows that one submanifold contains another. Palis and Smale have proved in [21] , [22] that for f there exist invariant admissible systems {T u,k } and {T s,k }.
Topological conjugacy of Morse-Smale diffeomorphisms
The information about Morse-Smale diffeomorphism is concentrated on the set of non-regular and periodic points which corresponds to the union of sinks, sources, and stable and unstable manifolds of saddle periodic points and is a one-dimentional complex. The complement to the set is the union of homeomorphic to disks wandering and periodic components. Every such component is determined by its edge, therefore if we consider a diffeomorphism accurate to the homeomorphism we may consider this complex instead of the manifold and a substitution on the set of vertices and edges instead of the diffeomorphism, provided the subcycles corresponding to the wandering and periodic components are marked out. This approach was applied by A. N. Bezdenezhnykh to the gradient-like diffeomorphisms in the paper [7] . In that case a finite graph appeared. The graph with marked out subcycles corresponding to the wandering and periodic components can be replaced with the graph with spin, as it is done in this paper, but in the general case all this graphs are infinite so another methods must be used and there appears a task of representation such an abstract infinite graph by a finite object. Before introducing the invariant which solves this task we prove that this infinite one-dimentional complex indeed determine the diffeomorphism accurate to the topological conjugacy. The theorem of this section proves that if corresponding complexes are isomorphic then diffeomorphisms are isomorphic and gives us a sufficient condition of topological conjugacy of Morse-Smale diffeomorphisms.
Definition 2.1 A systems {T u,k } and {T s,k } of tubular neighborhoods is called systems of tubular neighborhoods with lattice structure if they are 1. invariant; 2. admissible; 3. all fibers of the system are connected; 4. every T u,k coincide with the corresponding T s,k as the topological neighborhood;
5. if t u,k (ξ) ∩ t s,l (η) = ∅ then they have a unique point of intersection.
One readily sees that the union and the intersection of systems with lattice structure again is a system with lattice structure.
Using systems of tubular neighborhoods with lattice structure considerably simplifies proofs. The existence of systems of tubular neighborhoods with this property was implicitly mentioned in J. Palis and S. Smale's paper [22] . A simple proof of the fact is given here also. Lemma 2.1 Every Morse-Smale diffeomorphism on two-dimentional closed manifold has a system of tubular neighborhoods with lattice structure.
Proof. Let Ω k ∈ Ω ′ (f ) be a periodic saddle trajectory and T u,k , T s,k be the tubular neighborhoods of its stable and unstable manifolds and x be a periodic point of Ω k . According to the λ -lemma for families of transversal disks (see [18] ), ∀ε > 0 there exists a small neighborhood of the point x where the fibers from T u,k are ε-C 1 -close to W u (x k ) and the fibers from T s,k are ε-C 1 -close to W s (x k ). Choosing a small ε, we obtain a small neighborhood U (x) of the point x, U (x) ⊂ T u,k ∩ T s,k , such that the fibers from T u,k and T s,k are intersected transversally in the unique point. Let us choose on
) such that they maps near to x end of each segment G u i (x) to far end of G s j (x) and vice versa (the graph of mapping looks like hyperbola). Let us extend
, where x ∈ G σ i (x), n ∈ Z. Let D be set of the graphs of those diffeomorphisms in Q,
Let the new tubular neighborhoods with lattice structure T k,u 1
and T k,s 1 be connected components of the sets T k,u \ D and T k,s \ D containing points from Ω k . The definition is correct because the properties of tubular neighborhoods hold out due to inheritance. Repeating this procedure for other manifolds we obtain the tubular system with lattice structure.
Further we will use terms "tubular neighborhood" and "system of tubular neighborhoods" implying that they are systems of tubular neighborhoods with lattice structure and tubular neighborhoods with lattice structure.
The definition of behavior of periodic points given in [21] , [22] being invented to describe periodic points is not convenient when applied to the description of heteroclinic points because it is not symmetric and requires mentioning of manifolds explicitly. The next definition adapts it to our purposes. .
is called a point of beh-type n if beh(y|x) = n. The trajectory of the point is called the trajectory of beh-type n Definition 2.3 Let a point γ belongs to the intersection W σ (z) and W ρ (x), x, z ∈ Ω ′ (f ). A tubular neighborhood U T ρ (γ) of the point γ in W σ (z) is a neighborhood of a point γ in W σ (z) which is a connected component of the set T ρ (W ρ (x)) ∩ W σ (z) containing a point γ. A tubular neighborhood U T ρ (Γ) of the trajectory Γ(γ) is the union of tubular neighborhoods of all points that belongs to Γ. Lemma 2.2 Let W ρ (x) intersects W σ (y) with the beh-type n (i. e. either beh(x|y) or beh(y|x) is equal to n). Then W ρ (x) cannot have a boundary curve, intersecting W σ (y) with a beh-type, large or equal n.
Proof. Suppose that there exists a boundary for W ρ (x) curve W ρ (z) which intersects W σ (y) with a beh-type, large or equal n. Then we can connect x and y with a way of length at least n. Since W ρ (z) is a boundary curve for W ρ (x) we can connect x and z with a way of length at least 1. Hence, we can connect x and y with a way of length greater or equal n + 1. The maximum length of the way according to definition is n, we obtain contradiction.
Lemma 2.3
For an arbitrary neighborhood W σ (y) of a saddle periodic point y we can choose a finite number of trajectories on W σ (y) which contain in their tubular neighborhoods in W σ (y) the rest of heteroclinic trajectories on W σ (y).
Proof. It is enough to prove the lemma for points on a fundamental neighborhood G σ (y) of W σ (y). Consider the heteroclinic points of beh-type 1. G σ (y) contains a finite number of points of beh-type 1. Otherwise, we can choose a finite number of points on W σ (y) of beh-type, not exceeding 1, which contain in their tubular neighborhoods in W σ (y) the rest of heteroclinic points on W σ (y) of beh-type, not exceeding 1.
We proceed by induction on beh-type of points on G σ (y). Suppose we can choose a set {z i } i=1..p which consists of a finite number of trajectories on W σ (y) of beh-type, not exceeding k − 1, which contain in their tubular neighborhoods in W σ (y) the rest of heteroclinic trajectories on W σ (y) of beh-type, not exceeding k − 1. According to lemma 2.2 the set of points of beh-type k cannot have boundary points of larger beh-type, therefore the set of points of beh-type k outside of tubular neighborhoods of points of set {z i } i=1..p is finite and can be described as {z i } i=p+1..q . Thus, the set {z i } i=1..q has the property that the tubular neighborhoods of its points contain the rest of heteroclinic trajectories on W σ (y) of beh-type, not exceeding k. We obtain the statement of the lemma when k is the maximum beh-type of points on W σ (y).
Theorem 1 Let we have a one-to-one correspondence between periodic points, heteroclinic points, stable and unstable manifolds of saddle periodic points, wandering and periodic components of two diffeomorphisms f and g and their substitutions describing the action of the diffeomorphisms are conjugate. Then these diffeomorphisms are topologically conjugate.
Proof. the main goal of the theorem is to construct a homeomorphism that conjugate f and g. In case when diffeomorphisms have a finite number of heteroclinic trajectories it was made by A. Z. Grines in the paper [11] . We consider a general case of infinite number of heteroclinic trajectories. According to the condition of the theorem, there exist a mapping
, which translates the sets of periodic and heteroclinic points of f in the corresponding sets for g. During the proof we extend domain of definition of this mapping on the whole g. We use tubular neighborhoods with lattice structure, defined in 2.1. At first because of the ambiguity in width of the neighborhoods we can have tubular neighborhoods of different size, therefore during the proof we cut them off to obtain in the part 2 of the proof the tubular neighborhoods for f and g which are in one-to-one correspondence. Part 1. In this part we construct mapping h w that extends h g on the set W ′ (f ) ∪ Ω(f ). To simplify designations, we mark with tilde objects corresponding to g. Objects corresponding to f we leave unmarked. We construct h w using induction on size of the maximal beh-type of points on W σ (Ω k ). On a step k we first extend h g on all manifolds having the maximum behtype of points equal to k. Further, on the second stage, we trim the tubular neighborhoods cutting off its superfluous parts. The trimmed tubular neigh-
, which is the restriction of the projection π:
is a bijection and it has an inverse mapping ν.
Step 0. The first stage. Consider W σ (Ω k ) which contain no heteroclinic points (so the maximal beh-type is equal to 0). In this case we simply take any fundamental neighborhoods
where n is such that f n (x) ∈ G σ (Ω k ). Those operations we repeat for all neighborhoods that contain no heteroclinic points. Second stage. (trimming of tubular neighborhoods). The neighborhood W ρ (Ω k ) dual to W σ (Ω k ) may have heteroclinic trajectories. To trim, we simply assume
for each heteroclinic point γ ∈ W ρ (Ω k ) and, similarly,
Here we use h w correctly because it has already defined for W σ (Ω k ) in the previous stage. This formulas mean that we cut off points which don't have either image or pre-image for the mapping ν • h w • ν −1 . Obtained tubular neighborhoods T 1 U ρ,k (γ) and
A step of induction. Suppose we have extended h g to h w on the manifolds from W ′σ which contain heteroclinic points with beh-type, not exceeding n−1 and have trimmed tubular neighborhoods of points from dual manifolds.
Step n. Let us extend h g to h w on the manifolds from W ′σ which contain heteroclinic points with beh-type, not exceeding n. Let W σ (z) be such a manifold. We choose on
have points of behtype not exceeding n − 1 (otherwise we can show that the maximal beh-type of points on W σ (Ω k ) must be more n) and on the previous steps we have defined for them trimmed tubular neighborhoods. According to lemma 2.3,
can be enclosed in a finite number of tubular neighborhoods
(γ i ) (x))) (h w has defined on the previous steps). Outside of them, on U , we extend h w in the same way as in the step 0. The following operations (extension h w on the whole W σ (Ω k ) and construction of trimmed tubular neighborhoods are the sane as in the step 0. Obtained h w is continuous. It can be checked up likewise lemma 2.6 [22] . Part 2. In the previous part we have extended h g to h w . To expand h w on M , we need trimmed systems of tubular neighborhoods T σ,k 1 and T σ,k 1 for f and g correspondingly. We construct them using already obtained trimmed tubular neighborhoods of heteroclinic points. For each fiber t σ,k (ξ) we obtain its trimmed analog fiber t σ,k
containing ξ. We obtain similarly t σ,k
Let us expand h w from the set clW ′ on the set V ({T
In case when a connected component of the set is contained in a periodic component of the diffeomorphism, the expansion of the h w was described in paper [2] . Consider the case when connected components of the set M \ V ({T σ,k 1 }) is contained in a wandering components of the diffeomorphism. Under the action of f those components divide into a finite number of classes equivalent precisely to the action of f (it is an easy consequence from the lemma 2.3). Every wandering component is homeomorphic to disc [23] . Let us choose appropriate representatives D i from each class of equivalence under the action of f and corresponding D i from each class of equivalence under the action of g. We expand h v on them continuously with arbitrary homeomorphisms k D i . On the rest of areas we assume
Thus, we have constructed homeomorphism h :
It proves the theorem.
3 Lattice neighborhoods and local type of heteroclinic points.
Tubular neighborhoods with the lattice structure defined in the previous section have a lot of very useful properties to establish order on the set of heteroclinic points. But their direct usage is embarrassed by its complicated structure. To avoid this difficulty, it is proposed an axiomatic way of its solution: to declare first only the required properties and to prove that the definition is correct. This section introduces convenient analogs of tubular neighborhoods and beh-type, the lattice neighborhoods and local type of heteroclinic points, which will be used to describe the complicated structure of wandering sets and stable and unstable manifolds of Morse-Smale diffeomorphisms.
Definition of lattice neighborhoods.
Let p be a saddle periodic point of f and n be a period of
where the nearest point of the intersection is γ 1 and W s (y) intersects W u (p) where the nearest point of the intersection is γ 2 .
Definition 3.1 A heteroclinic point γ ∈ W u (x)∩W s (y) belongs to a lattice structure of p if within the bounds of a tetragon formed by points p, γ 1 , γ, γ 2 stable and unstable manifolds from W ′ intersect one another only in one point. (see fig. 1 )
The point γ 2 is called a projection of γ on W σ (y) and denoted by π(γ, W σ (y)) or π(γ) if the manifold is implied in a context.
Those points always exist. For example, all heteroclinic points from the tubular neighborhood of p with lattice structure belong to the lattice structure of p. one of the projections of γ belongs to the lattice structure of another periodic point y then the point γ also belongs to the lattice structure of y.
If Ω k is a trajectory of p then the lattice neighborhood of Ω k is the union of images of the lattice neighborhood of p under the action of f .
The lattice neighborhood is defined accurate to its shape. So there exist a lot of lattice neighborhoods but they have the same amount of heteroclinic points. Further we will choose a representative of their set with additional convenient properties.
As long as conditions of the definition depend only on the structure of intersection of stable and unstable manifolds of saddle periodic points, a set of heteroclinic points that belong to the lattice neighborhood of the diffeomorphism is a topological invariant of the diffeomorphism.
Lemma 3.1 lattice neighborhoods always exist for every periodic saddle point.
Proof. Our first step is to construct a small invariant under the action of f n neighborhood of p such that it contains W u (p) and W s (p) and all heteroclinic trajectories that it contains satisfy the condition 2 of the definition of lattice neighborhoods.
We decompose the condition 2 into the series of partial conditions, namely, let a partial condition of rank k be the condition 2.(b) of the definition restricted on those γ which have beh-type does not exceeding k. We construct the neighborhood using induction on the rank of the partial conditions.
When the rank of the partial condition is 1 it always takes place when γ belongs to the lattice structure of p. In this case we simply take a tubular neighborhood of the point. Suppose that for the rank of the partial condition equal to n − 1 the neighborhood exist. Consider the case when the rank of the partial condition is equal to n. W u (p) and W s (p) slit the tubular neighborhood of p with lattice structure into quadrants. If the partial condition of rank n is fulfilled in a quadrant we leave the quadrant unchanged. Otherwise there exists a heteroclinic point γ ∈ W σ (x) ∩ W ρ (z) of beh-type n and a periodic point y such that its projection γ 1 ∈ W σ (p) ∩ W ρ (z) belongs to the lattice structure of y but γ does not belong. Since W ρ (p) is a boundary curve for W ρ (y) in the tetragon with lattice structure between the points p and γ there exists another point of the intersection W σ (x) ∩ W ρ (y). Let it be a point ζ. Since W ρ (y) is a boundary curve for W ρ (z) there exist a sequence of heteroclinic points of beh-type k in the tetragon, situated arbitrarily closely to ζ. Let γ ′ be a point of the sequence such that it also belongs to the neighborhood of y obtained on the previous step of induction. Then the partial condition of rank n is fulfilled in the tetragon between the points p and γ ′ for the projections on W σ (p) due to lattice structure. If the partial condition of rank n is not fulfilled for the projections on W ρ (p) we repeat the operation for W ρ (p). We obtained a tetragon where the partial condition of rank n is fulfilled. Let us choose a small neighborhood of the tetragon whose sides is still contains in the neighborhoods obtained on the previous step of induction. Then we cut off the corresponding quadrant of p and uniting its images under the action of f we obtain the quadrant of the required neighborhood.
It follows from aforesaid that points satisfying the condition 2 fill a neighborhood of W σ (p) ∪ W ρ (p). So we can choose a neighborhood of p such that it contains only heteroclinic points satisfying the condition 2 and contains representatives of all these trajectories. Uniting its images under the action of f we obtain the lattice neighborhood.
Let γ be a heteroclinic point of the intersection of W u (x) and W s (y). Since lattice neighborhoods is defined accurate to its shape, lattice neighborhoods of heteroclinic points also are rather uncertain objects. The following lemma choose a set of representatives of lattice neighborhoods with additional convenient properties for lattice neighborhoods of heteroclinic points.
Lemma 3.2 There exists a set of representatives of lattice neighborhoods such that 1. for every p ∈ P er ′ (f ) every component of connectivity of the intersection of the lattice neighborhood of a periodic point p with a stable or unstable manifold of another periodic point intersects one of the manifolds of p in a unique point.
2. if two lattice neighborhoods of heteroclinic points on the same manifold have non-empty intersection then one of them contains other.
Proof. The condition 1 means that the case when two or more lattice neighborhoods are connected by "horse shoes" is forbidden. It appears because this bends of manifolds do not contain heteroclinic points and restrictions of lattice structure cannot be spread on them. To satisfy the condition we cut out in every such bend in fundamental neighborhoods a small neighborhood do not containing heteroclinic points and then cut out its images under the action of f .
Consider the condition 2 provided the condition 1 is satisfied. Let us show then if one lattice neighborhood of a heteroclinic point do not contains other lattice neighborhood then their intersection do not contains heteroclinic points.
Suppose on the contrary that there exist heteroclinic points which are contained in the intersection of two lattice neighborhoods of points γ 1 ∈ W ρ (x) and γ 2 ∈ W ρ (y) on a W σ (z) and their lattice neighborhoods do not contain each other. Let ζ be a heteroclinic point of the intersection. According to the definition, ζ is a common corner of tetragons with lattice structure that appear between ζ and x and ζ and y correspondingly. Then a side of one of the tetragons lays in a side of other and we can continue the smaller tetragon into the greater through the common part of the side using their lattice structure. Let, for example, the smaller tetragon is the tetragon between ζ and x. Then γ 2 and every point from lattice neighborhood of γ 2 belong to the lattice structure of x and, since the lattice neighborhood is maximum one, belong to the lattice neighborhood of γ 1 . We obtain a contradiction.
Therefore either the intersection of two lattice neighborhoods or their difference has no heteroclinic points and we cut it off just as in the previous case.
Further we use only lattice neighborhoods of heteroclinic points induced by the set of representatives of lattice neighborhoods, constructed in the lemma 3.2.
Lattice neighborhoods are defined accurate to a half-closed extreme neighborhood does not containing heteroclinic points.
Definition of local type of points.
Definition 3.5 a heteroclinic point on W σ (x) is called a heteroclinic point of local type 1 on W σ (x) if this point is not contained in the lattice neighborhood on W σ (x) of any other heteroclinic point; it is called a point of local type 2 on W σ (x) if on W σ (x) this point is contained only in lattice neighborhoods of heteroclinic points of the first local type; it is called a point of local type n on W σ (x) if on W σ (x) this point is contained only in lattice neighborhoods of heteroclinic points up to n − 1th local type inclusively.
The local type of a point γ on W σ (x) is denoted by loctype(γ, W σ (x).
Remark 3.1 Since the lattice neighborhoods are invariant under the action of f , all points that belongs to the same trajectory have the same local type.
Lemma 3.3
The manifold contains a finite number of trajectories of local type 1.
Proof. It is enough to prove, that there exists a finite number of points with local type 1 on each fundamental neighborhood. Let us assume by contradiction that there is infinitely many points of the local type 1 on a fundamental neighborhood of some manifold. Then set of this points has at least one boundary point, which, according to 1.7-1 is heteroclinic. We obtained a contradiction because all points which lay in the lattice neighborhood of this boundary point cannot have local type 1 according to the definition of local type.
Lemma 3.4 Let γ 1 be a heteroclinic point from W σ (x) ∩ W ρ (z) and γ ∈ W σ (x) ∩ W ρ (y) be a heteroclinic point from the lattice neighborhood of the point γ 1 . Then
where π(γ) is a projection of the point γ along the manifold W ρ (y) on the manifold W σ (z).
Proof. This situation is illustrated by figure 1. According to the definition, loctype(γ, W σ (x)) shows the number of points, whose lattice neighborhoods contains the point γ. Let us divide them into two classes: points which lay in lattice neighborhood of γ 1 and points which do not lay but contain in their lattice neighborhoods the point γ 1 . The number of points in the second class is given by loctype(γ 1 , W σ (x)).
Points of the first class can be projected on W σ (z) using the lattice structure. Since their lattice neighborhoods on W σ (x) contain γ all the more their projections contain in their lattice neighborhoods on W σ (z) the point π(γ). On the contrary, If π(γ) lays in a lattice neighborhood of a point π(ζ) then the definition of lattice neighborhoods demands ρ-manifold of this point to intersect W σ (x) in a point ζ so that γ belongs to lattice neighborhood of ζ and ζ belongs to lattice neighborhood of γ 1 . Therefore, the number of points in the first class is given by loctype(π(γ), W σ (z)). It proves the lemma. Lemma 3.5 Local type of a heteroclinic point on its stable manifold is equal to its local type on the unstable manifold .
Proof. Consider heteroclinic point γ ∈ W σ (x) ∩ W ρ (y). There are two possible cases: first case when one of local types of the point is equal to 1 and second case when both local types of the point is greater than 1. Consider the first case. Let the point have the local type 1 on its ρ-manifold, loctype(γ, W ρ (y)) = 1. Assume by contradiction that loctype(γ, W σ (x)) = k > 1. Then, according to definition of local type, there exists a point γ 1 ∈ W σ (x)∩W ρ (z) of local type k −1, which contains in its lattice neighborhood the point γ. Since γ belongs to the lattice neighborhood of the periodic point z, then, according to definition, W ρ (y) intersects W σ (z) in a point γ 2 (see fig. 1 ). Consider obtained tetragon with lattice structure, formed by points z, γ 1 , γ and γ 2 from another point of view as a tetragon of the point γ on W ρ (y). We have, according to definition, that the point γ is contained in the lattice neighborhood of the point γ 2 and, hence, loctype(γ, W ρ (y)) > 1. We have received a contradiction.
In the second case we prove the lemma on induction. The first case gives us the base of induction. Let for heteroclinic points for which both local types is less k, the lemma holds true. Let us prove it for a point γ, for which both local types are less k + 1. We take advantage of lemma 3.4 since both projections of γ exist. Let γ, γ 1 , γ 2 be such as in fig. 1 . We have the following relations:
Since the local type of a heteroclinic point is a positive number, both local types of points γ 1 and γ 2 are less than k, and, according to the induction supposition,
and we have loctype(γ, W σ (x) = loctype(γ, W ρ (y)). Thus, we define local type of a heteroclinic point as local type of a point on one of its manifolds. Let us denote local type of a heteroclinic point of γ as loctype(γ). Lemma 3.6 Consider the lattice neighborhood of a point of local type k − 1. If it contains heteroclinic points of local type k then the set of the points is infinite and has no other boundary points except this point of local type k −1.
Proof. Let γ 1 ∈ W σ (x) ∩ W ρ (z) be a heteroclinic point of the local type − 1 and γ ∈ W σ (x) ∩ W ρ (y) be a heteroclinic point of the local type k, laying in the lattice neighborhood of γ 1 on W σ (x). According to the definition of the lattice structure, W ρ (y) intersects W σ (z) in a point γ 2 , and there appears a tetragon with lattice structure formed by points z, γ 1 , γ, γ 2 . In this tetragon W ρ (y) intersects W σ (z) infinitely many times in points of the trajectory γ 2 , and, hence, infinitely many times intersects W σ (x). Using a lemma 3.4, one readily sees that points of the trajectory γ 2 have the local type 1, and the appropriate points on W σ (x) have the local type -1.
If the set of heteroclinic points of local type k has anther boundary point then due to the lattice structure the projection of this boundary point is a boundary point for the set of projections of local type 1 of points of local type k. But it is impossible since this set has a unique boundary point z which is the projection of γ 1 on W σ (z).
Numbering of heteroclinic points and coding sets for heteroclinic trajectories.
This section is devoted to construction of identifiers for heteroclinic points. Every identifier (so called simple formula) unambiguously determine the relative position of the heteroclinic point on stable and unstable manifolds and the relative position of stable and unstable manifolds in this heteroclinic point.
Numbering of heteroclinic points.
To describe a heteroclinic point we first assign to it an index number. We do it in the following way: On every W σ i (x j ) we first arbitrarily choose a start numeration point of local type 1 and denote it by P σ ij (0). (Here P σ ij is called a prefix, and (0) is called a vector of the point number). Let m be a minimum number such that a manifold
ij + 1 points of local type 1 (see 3.3). Let us denote them by P σ ij (0), P σ ij (1),. . . , P σ ij (N σ ij ), numbering "on current ". Let points of the local type 2 are contained in the lattice neighborhood of a point P σ ij (l 0 ). According to (3.6), their set is infinite and P σ ij l 0 ) is a unique boundary point of this set. Then the point P σ ij (l 0 ) divides their set into two subsets (one of them can be empty): a front ("on current") set and a back set. Let us choose in the front subset the extreme point and denote it by P σ ij (l 0 , −1). Other points of the front set we number "against current" from a point P σ ij (l 0 , −1) in the direction of P σ ij (l 0 ) :
Let us remark that in this case we already have a two-component vector.
The same we do with the back set. We denote extreme point by P σ ij (l 0 , 1) and number other points of the front set "on current" from the point P σ ij (l 0 , 1) in the direction of P σ ij (l 0 ) :
The further work is inductive. If a lattice neighborhood of already numbered point P σ ij (l 0 , l 1 .., l n ) of the local type n contains points of the local type n + 1, we number points of the front set exactly in the same way "against current":
And we number points of the back set "on current":
Then the numbers constructed in this way we spread outside the fundamental neighborhood. We assign numbers to points, using already constructed numbers of their images under the action of f m in the following way:
., l n ). Thus, every heteroclinic point obtains a number in a form of a sequence of integers, called a vector of point numbers or simply vector. The lexicographic order on the set of vectors of points with an identical prefix coincides with an order of points on a submanifold.
Since the amount of heteroclinic points in lattice neighborhoods is a topological invariant, all components of the point's vector except the first one are its topological invariants. The begin numeration point P σ ij (l 0 ) is chosen arbitrarily, therefore on each W σ i (x j ) the first components of point number vector are defined accurate to a shift on an arbitrary integer m σ ij , identical to all heteroclinic points on W σ i (x j ).
Formulas and coding set.
Now we are ready to describe a heteroclinic point. Let us associate with a heteroclinic point γ from
, where n is local type of the point, D accepts the value +1 if the orientation of a frame formed by manifolds W u i (x k ) and W s j (x l ) in a point γ coincides with the orientation of the manifold, and D accepts the value −1 if the orientations do not coincide. This set is called a simple formula of the heteroclinic point.
Definition 4.1 A formula of the form
. . , g n ), D) with adding a displacement under the action of the diffeomorphism, is called a simple formula of a heteroclinic trajectory.
Definition 4.2
The next expression is called a formula of a heteroclinic point set or, simply, formula.  
Definition 4.3 a set of simple formulas which contains simple formulas of every trajectory of local type 1 and simple formulas of extreme trajectories of its lattice neighborhoods for this trajectory (hence, it contain four formulas of extreme trajectories of local type 2 in back and front sets in stable and unstable manifolds of this trajectory if they exist, four formulas of local type 3 if they exist and so on up to maximum local type) is called a basic coding set.
According to the definition, the basic coding set is finite.
Definition 4.4 A set of formulas describing all trajectories of the diffeomorphism, is called the extended coding set.
Existence of a finite extended coding set is proved further. ii) the set of automorphisms of numeration for every W σ i (x j ), which are determined by integers n σ ij iii) a renumbering ϕ of the set of periodic points of f and a renumbering ψ of the set of manifolds from W ′ \ Ω(f ) such that if the first coding set determines a point
then the second extended coding set determines a point
and vice versa.
The basic and extended coding sets are invariants of the diffeomorphism accurate to its isomorphism.
Algorithm of construction of the extended coding set
The main part of the information we store in the topological invariant describes a mutual location of periodic and heteroclinic points of the diffeomorphism. Its description is chosen here in the form of the extended coding set defined above. There are infinitely many heteroclinic points on the manifold but due to hyperbolic structure there appears an order in their disposal which we call a lattice structure. This order is essential only in small neighborhoods of stable and unstable manifolds of every saddle periodic point, far off them it gets broken. But system of those neighborhoods contains all heteroclinic points. As proved in lemma 3.3 there is a finite number of trajectories of local type 1 which are nodes of fracture of lattice structure of diffeomorphism. Positions of the rest of points entirely repeat the order of position of their projections in lattice neighborhoods owing to lattice structure. Since projections have a smaller local type then origin (lemmas 3.4 and 3.5), we are able to describe all heteroclinic trajectories on induction, starting from trajectories of local type 1 and trajectories that determine the shape of lattice neighborhood, stored in the basic coding set. This reasons suggest that the extended coding set can be written down as a finite number of the formulas, but does not give algorithm in an explicit aspect. The next theorem gives us a constructive proof of this fact.
Theorem 2
The basic coding set and the graph (both finite) are unambiguously determine the extended coding set. The obtained extended coding set is also finite.
Proof. We construct the extended coding set from the basic coding set, also using the information about orientation and incidence in periodic points of the diffeomorphism stored in a finite graph which will be described below. The induction on local type of points is used.
To describe the trajectories of local type 1, we simply add their simple formulas to the set. Since the step of induction in general is too complicated, it is quite appropriate here to describe first as an example the case of points of local type 2 before considering a general case.
Proof. The extended coding set for points of local type 2. On the previous step we obtain a finite set of formulas in the extended set for points of local type does not exceeding 1.
Now we modify every formula of extended coding set using formulas of basic coding set and graph to obtain new additional formulas that describes trajectories of local type 2. After obtaining the formulas to proceed with inductive construction we construct an auxiliary technical set which is used in the process of the further construction . We have not constructed it on the previous step of induction because for that case it is directly contained in the basic coding set.
For example, (see fig. 2 ) let us describe all trajectories of local type 2, laying in the back set of the lattice neighborhood of a point (P u 11 (A), P s 22 (B), D), where extreme point is a point (P u
. As mentioned above, the order of disposition of points of local type 2 in a lattice neighborhood repeats the order of disposition of their projections on W s 1 (x 1 ) which are points of local type 1. Comparing orientation D with a mutual location of manifolds
, stored in the graph, we determine, for example, that a projection of the back set on W s (x 1 ) 1 Here D is the orientation of the point (P 
11 of points of local type 1. Let they be the points
For each of these points the extreme coding set now contains simple formulas of its trajectories. Furthermore, the basic coding set contains simple formulas of extreme trajectories of local type 2 for lattice neighborhoods of every trajectory of local type 1. Consider the extreme points of lattice neighborhoods of points (P u
, laying on the same side of W s (x 1 ) where is the manifold W s 1 (x 1 ). Let they be the points
The first component of the prefix of the point's number on its stable manifold shows us the projection of this extreme point on W u 1 (x 1 ) which is a point of local type 1 according to the properties of local type. Let the projections of these extreme points on W u 1 (x 1 ) be points
Now we have enough information to start construction of extended coding set formulas that describe points of this back set. Using obvious calculations, we obtain that first N s 11 of points of local type 2 in our neighborhood can be noted as
Since the set is invariant, the whole trajectory of a extreme point consist of extreme points. Hence, on the next fundamental neighborhoods [P s
2 a sign + or − depends whether this set is the back one or the front one.
Similarly, all points of local type 2, laying in the back set of the lattice neighborhood of the point (P u 11 (A), P s 22 (B), D), are described with formulas
Obtained formulas do not describes the trajectories yet but describes their representatives. Since trajectories are obtained from points under the action of the diffeomorphism and lattice neighborhoods are invariant, to describe trajectories we simply add a displacement in the first component of prefix. We have that these trajectories are described by formulas 
Repeating this operations for all trajectories of local type 1, we receive in the end the extended coding set for points of local type 2 which is a finite union of the formulas.
Proof. The auxiliary coding set for points of local type 2. On the next steps of induction we need a technical auxiliary set of formulas associated with obtained formulas for points of local type 2, which is constructed here. This set of formulas contains two subset of formulas.
The first subset contains formulas determining extreme points of all local types from 3rd up to maximum one associated with points of local type 2. When we substitute in a formula concrete values of its parameters we obtain a heteroclinic point, in our case, it is a point of local type 2. The fact that a formula is associated means that the associated formula have the same domain of definition as the formula to which it is associated and when it substituted with the same value of parameters it gives an extreme point of the lattice neighborhood of a point of local type 1 such that it lays in the same lattice neighborhood of a point of local type 1 as a corresponding point of local type 2 and on the same side.
The second subset contains associated formulas determining points of local type 1 on dual manifolds to manifolds which contain in their lattice neighborhoods these extreme points.
The idea of their construction is very simple: Extreme points are described in the basic coding set. In formulas the first components of vectors contain information about the point of local type 1 to whose lattice neighborhood extreme points belong. Similarly, the information about the points of local type 1 is contained in the first components of vectors in formulas describing points of local type 2. Substituting their functions that calculate the first component of vector instead of the trajectory parameter we obtain the required auxiliary set.
To give an example of the construction, let us construct formulas, describing extreme points of local type n, associated to the formulas of the previous example of describing of points of local type 2. This example is illustrated by fig. 2 .
Let us take N s 11 of formulas from the basic coding set circumscribing extreme points of local type n for trajectories
Trajectories of this extreme points look like
The formulas of trajectories of local type 2 are: Substituting t + k, where k ≥ 0, t ∈ Z, instead of t in the formulas of extreme trajectories, we obtain required associated formulas
From another point of view, we applied to the formulas of extreme points the same operations as we performed constructing the formulas of trajectories of local type 2, namely, 1)limitation of the trajectory parameter (by substituting t = k, where k ≥ 0; 2)adding a displacement under the action of a diffeomorphism, depending of a new trajectory parameter t ∈ Z. We receive that constructed formulas for points of local type 2 and extreme points depend on the same parameters.
In the same way we construct associated formulas of second kind, describing points of local type 1. This points contain in their lattice neighborhoods the extreme points of local type n and are their projections through the manifolds dual to manifolds which contain associated trajectories of local type 2.
For example, let the points of local type 2 and the extreme points be the same as in the previous example. Then the points of local type 1 are determined uniquely by the prefix and the first component of vector of the s-part of the associated formula for extreme points of local type n. We search the basic coding set for their simple formulas, and obtain the required auxiliary set substituting the functions that calculate the first component of vector in the extreme points instead of the trajectory parameter.
Thus, on the second step of induction we have constructed the extended coding set containing the explicit formulas of trajectories of local types up to the second one, and the auxiliary coding set required to simplify further construction. All the sets are finite.
Proof. The general step of induction. Suppose the extended coding set containing finite set of formulas for trajectories up to (n − 1)th local type inclusively, where formulas for trajectories of local type k depend from trajectory parameter and k − 1 of local parameters, and auxiliary coding set of associated formulas is already constructed. Let us add to the extended coding set formulas for trajectories of local type n.
The idea is the same as in the previous step. To describe trajectories of local type n laying in a lattice neighborhood on W σ (z) of a trajectory of local type 1 belonging to W σ (z) ∩ W ρ (x) we first consider their projections on W σ (x). The order of location of points of local type n in a lattice neighborhood repeats the order of location of their projections on W σ (x) which are points of local type n − 1 according to 3.4. To construct the σ-part of the required formula we paste the prefix and the first component of the vector from the σ-part of the simple formula of the heteroclinic trajectory of local type 1 with vector from every σ-part of the formulas describing projections and substitute a limited parameter for the trajectory parameter. (We require the limited parameter because we must keep only the fundamental neighborhoods which are projections). Then we calculate the ρ-part of the required formulas. Their prefixes and n−1 of first components of vectors are exactly the same as in the associated formulas that describe extreme trajectories of local type n. The modulo of value of the last component of vector is equal to the number of heteroclinic points of local type 1 situated between our point of local type 1 and projection of local type 1 of the associated extreme point of local type n, stored in the auxiliary set. The orientation is calculated as product of the orientation in the formula for points of local type n − 1, the orientation of point of local type 1 and the orientation in the periodic point x.
Let us show an example of the construction. Let us describe all trajectories of local type n, laying in the back set of the lattice neighborhood of the point (P u 11 (A), P s 22 (B), D). This example is also partially illustrated by fig. 2 . Projections of the trajectories of local type n on W s 1 (x 1 ) have the local type n − 1. According to the induction supposition, the projections on W s 1 (x 1 ) of local type n − 1 are described by a finite set of formulas depending from the trajectory parameter and n − 2 of local parameters. Let us restrict domain of definition of parameters so that these formulas will describe only projections of the trajectories of local type n, imposing a finite number of restrictions. We do it in the following way: let extreme point of our set is projected in the lattice neighborhood on W s 1 (x 1 ) of a point of local type 1, corresponding to a value t = t 0 of the trajectory parameter. Then for every value t > t 0 of the trajectory parameter all obtained points are projections, and for every value t < t 0 are not projections and we add a restriction t ∈ [t 0 + 1, +∞) ∩ Z (at that the trajectory parameter turns in local one). When t = t 0 in the same way we construct restriction for the next local parameter k 2 and so on. These new restrictions we also apply to the associated formulas. Now we transform each formula for points of local type n − 1 into the formula for points of local type n in the lattice neighborhood of a point (P u 11 (A), P s 22 (B), D). We obtain s-part of the required formula, pasting {P s 22 (B, }-(the prefix and the first component of the s-part of this point) with the vectors of s-parts of formulas. The u-part of the required formulas is constructed in the following way: the prefix and n − 1 first components we get from associated formulas for extreme points of local type n. The nth component is computed as (−D * ) * (1 + |A − A(k 1 (t), k 2 ..., k n−1 )|), where A is taken from the first component of the u-part of (P u 11 (A) . . ., function of orientation D * = D * (k 1 (t), k 2 ..., k n−1 ) is taken from associated formula for extreme points of local type n and (k 1 (t), k 2 ..., k n−1 ) is taken from the first component of the u -part of associated formula for projections of local type 1 of extreme points of local type n on W u 1 (x 1 ). The orientation of the required formula is calculated as D * D * * D x 1 . Passing from points to trajectories, we introduce a trajectory parameter t and add a displacement under the action of the diffeomorphism, corresponding to this parameter, in the first components of the u-and s-parts of the formulas. The set of obtained formulas is finite.
If our lattice neighborhood of (P u 11 (A), P s 22 (B), D) contains points of lo-cal type, greater than n, we also need to construct associated formulas to the already obtained ones for extreme points of greater types and their projections of local type 1. This is a scheme of construction of associated formulas for extreme points of local type k: According to the induction supposition, such associated formulas exist for formulas of points of local type n − 1. Let us apply to them the same transformations as applied to formulas of trajectories of local type n − 1 to obtain formulas of trajectories of local type n. First we introduce the restricted domain of definition of parameters , then add the same displacement under the action of the diffeomorphism and receive the n-parametrical formulas, describing extreme points of local type k, associated to the obtained formulas of trajectories of local type n.
The prefix and the first component of vector of the corresponding part of the associated formula for extreme points of local type k determines their projections of local type 1. Their associated formulas are obtained by substituting the functions that calculate the first component of vector of the extreme points instead of the trajectory parameter of simple formulas of projections of local type 1.
Thus, we have constructed the extended coding set containing the formulas for trajectories of local types up to nth one and the auxiliary coding set of associated formulas.
6 Distinguishing graph of the diffeomorphism.
Let us associate with the diffeomorphism f an oriented graph with spin G(f ) (the graph every vertice of which is an oriented circle), whose vertices correspond to points from Ω(f ), and oriented edges correspond to oriented "on current" components of connectivity of the set W ′ \ Ω ′ (f ). All vertices are oriented in correspondence with the orientation of the manifold. Then the graph has the following properties:
1. the vertices of the graph for which all incident edges go in correspond to sinks;
5. Each edge of the graph is always incident by one of its ends to some saddle vertice and is incident by another end either to a sink, or to a source, or is free with this end (this case corresponds to a case when the corresponding manifold contains heteroclinic points and corresponding edge is called a free edge).
We assign to a vertice the weight "+ ′′ , if its orientation type (see 1. 3) is equal to 1, and the weight "− ′′ otherwise. The diffeomorphism f induces a automorphism S f : G(f ) → G(f ) on the set of vertices of the graph. It is described by a substitution on the set of vertices.
Definition 6.1 The graph G(f ) with the corresponding basic coding set and substitution S f where edges corresponding to manifolds containing heteroclinic points and incident to them saddle vertices are marked by their numbers in the basic coding set is called a distinguishing graph of f and is denoted by G * (f ). Definition 6.2 Distinguishing graphs G * (f ) and G * (g) of diffeomorphisms f and g respectively are isomorphic, if there exist 1. isomorphism ϕ of graphs G(f ) and G(g), preserving weights and orientation of edges and vertices, such that Sf = ϕS g ϕ −1 ;
2. a change of orientation r, which either preserves orientations of vertices of the graph and orientation components of formulas in the basic coding set or simultaneously reverse the orientation of vertices of the graph and orientation components of formulas in the basic coding set;
3. a set of automorphisms of numeration for every free edge of G(f ) such that basic coding sets for f and g are isomorphic.
Thus, we have associated with a diffeomorphism the distinguishing graph which is a finite object. Isomorphism of two distinguishing graphs specify the one-to-one correspondence between periodic points, heteroclinic points, stable and unstable to manifolds of saddle periodic points, wandering and periodic components of the diffeomorphisms. According to the theorem 1, it leads to the topological conjugacy of f and g.
7 Example of the invariant of a diffeomorphism.
As an example we consider a Morse-Smale diffeomorphism of a sphere which have with two fixed sources, three fixed sinks, three fixed saddle points and heteroclinic trajectories of the local types 1 and 2. All periodic points have the orientation type 1. This example is illustrated by fig. 3 . Fundamental neighborhoods are emphasized by bold lines. The numeration of heteroclinic points of local type 1 is in bold style, the numeration of heteroclinic points of local type 2 on W u 1 (x 1 ) is in italic style, the numeration of heteroclinic points of local type 2 on W u 1 (x 3 ) is in plain style. The extended coding set of the diffeomorphism on fig. 3 is: (P u 11 (2n), P s 12 (2n), +1) n∈Z ; (P u 11 (2n + 1), P s 12 (2n + 1), −1) n∈Z ; (P u 12 (2n), P s 13 (2n), +1) n∈Z ; (P u 12 (2n + 1), P s 13 (2n + 1), −1) n∈Z ; (P u 11 (2n + 2k, −1 − 2k), P s 13 (2n + 2, 2k + 1), +1) n∈Z,k≥0 ; (P u 11 (2n + 2k + 1, 1 + 2k), P s 13 (2n + 2, 2k + 2), −1) n∈Z,k≥0 ; (P u 11 (2n + 2k, −2 − 2k), P s 13 (2n + 1, −2k − 1), +1) n∈Z,k≥0 ; (P u 11 (2n + 2k + 1, 1 + 2k), P 
